Abstract. In this article we look at skew-products of multiples of the backward shift and examine conditions under which the skew-product is topologically transitive or hypercyclic in the second coordinate. We also give an application of the theory to iterated function systems of multiples of backward shift operators.
Introduction
Let X be an infinite dimensional topological vector space either over the field C or R. A linear continuous operator T acting on X is said to be hypercyclic if there exists a vector x ∈ X so that its orbit under T , Orb(T, x) = {x, T x, T 2 x, · · · }, is dense in X. Such a vector x is called hypercyclic for T , and HC(T ) denotes the set of hypercyclic vectors for T . If instead we have a sequence of linear continuous operators {T n } acting on X, then the sequence {T n } will be called hypercyclic provided there exists a vector x ∈ X so that the sequence {T n x} is dense in X. Such a vector is called hypercyclic for {T n }, and HC({T n }) denotes the set of hypercyclic vectors for {T n }.
In the literature one may find many examples of hypercyclic operators such as the translation and differentiation operators on the space of entire functions, unilateral and bilateral shifts, and linear differential operators (see the survey articles [10] , [11] , [17] , [6] and [15] ). For another approach using ideas from ergodic theory and hypercyclicity, see [2] and [3] .
In [16] Rolewicz proved that even though the backward shift operator B : l 2 (N) → l 2 (N) on the space of square summable sequences defined by
is not hypercyclic, the operator λB is hypercyclic for any λ ∈ C with |λ| > 1. A related result which came later due to C. Kitai [13] and R. Gethner and J. Shapiro [7] is that, in addition, the set of hypercyclic vectors HC(λB) is G δ and dense in l 2 (N). Throughout this paper we will be using the term backward shift operator for any operator of the form λB, λ ∈ C. In this article, we consider skew-products of backward shift operators. Skew-products provide a rich source of dynamical systems whose dynamics vary as the state of the system evolves. One may think of a skew-product as a dynamical system dependent on a parameter that is perturbed as the system evolves in a particular way. The literature on skew-products is very rich; see for instance [1] and [12] .
In the present paper we consider a family of backward shift operators generated by an underlying dynamical system with "good" statistical properties. That is, let (A, µ) be a probability space and f : A → A an ergodic map (for a definition see section 2). Also, let h : A → C be an L 1 (µ) function. It is then natural to consider, for a complex number λ, the skew-product
Note that the product space A × l 2 (N) does not have the structure of a linear space, thus P is not a linear operator. Taking the n th iterate of P gives
We write the product in the second coordinate using
Definition 1.1. With maps f : A → A, h : A → C as defined above and λ a complex number, the skew-product
is said to be hypercyclic in the second coordinate if the sequence of operators {h n (α)(λB) n } is hypercyclic. Under the additional assumption that A is a topological space, the skew-product P λ is said to be topologically transitive if there exists a point (α, x) ∈ A × l 2 (N) so that its orbit under P λ is dense in A × l 2 (N); i.e., the sequence {P n λ (α, x)} is dense. It is then natural to ask whether and under what conditions a skew-product is hypercyclic in the second coordinate. Furthermore, under the additional assumption that A is a topological space, is it possible to have the stronger property of the existence of a point (α, x) with dense orbit under P in the product space A × l 2 (N)? What structure does the set of points with dense orbit in A × l 2 (N) have? We provide answers to the above questions and raise some problems that need further attention.
Let us finally mention that the two main tools in our approach are the ergodic theorem of Birkhoff and Baire's category theorem.
Main result
In this section we prove our main result. Our purpose is to find sufficient conditions so that skew-products of multiples of the backward shift become topologically transitive. We begin with some definitions. Definition 2.1. Let (A, A) be a measurable space and f : A → A a measurable function. The function f is said to be ergodic with respect to a probability measure µ on (A, A) if f is measure-preserving with respect to µ (i.e., µ(f −1 (Γ)) = µ(Γ) for every Γ ∈ A), and f −1 (Γ) = Γ for Γ ∈ A implies that µ(Γ) ∈ {0, 1}. The function f is said to be uniquely ergodic if there exists only one probability measure on (A, A) with respect to which f is ergodic.
An important property concerning ergodic maps that will be of use to us is given in the next well-known theorem (see Theorem 5.16 in [18] ).
Theorem 2.2. Let A be a compact metric space, f : A → A continuous with f (A) = A, and µ a probability measure on the Borel subsets of A giving nonzero measure to every non-empty open set. If f is an ergodic measure-preserving transformation with respect to µ, then
In particular f is topologically transitive.
We are now ready to state and prove our main result. 
N). (iii) If f is uniquely ergodic and |λ| < e
−γ , then P λ is not topologically transitive.
From the Birkhoff ergodic theorem µ(Ã) = 1. Take any complex number λ with |λ| > e −γ . Choose a positive number 0 < ρ < 1 such that
To show assertion (i) we consider three cases.
It suffices to find an open set V so that V ⊂ E(m, j, s, n) and (α, x) ∈ V . Since f and h are continuous, there exists > 0 such that
Then using the previous estimates, we get
To show that each of
is dense, pick an arbitrary point (γ, y) ∈ A × l 2 (N) and > 0. We want to find (α, x) ∈ 
Since α ∈ D we can fix n ≥ N 2 (α) such that
Define the forward shift operator S :
we have
Noting that
and has the required property. Baire's category theorem now implies that
is G δ and dense in A × l 2 (N). It is clear that this is precisely the set of points in A × l 2 (N) whose orbit under the skew-product P λ is dense.
Case 2. Suppose γ < 0. Then for any α ∈Ã there exists N (α) ∈ N such that
it follows that e n(1+ρ)γ < |h n (α)| < e n(1−ρ)γ for all n ≥ N (α). Then following the same steps as in the previous case, we conclude that P λ is topologically transitive. 
. Following a similar argument as in the previous two cases, we get the desired result. This completes the proof of (i).
To prove assertion (ii), recall our hypothesis |λ| < e −γ . Assume γ > 0. Choose > 0 such that |λ|e +γ < 1. Then applying Birkhoff's ergodic theorem, we get that for every α ∈Ã there exists N (α) ∈ N such that
for all n ≥ N (α). Therefore for every α ∈Ã and every x ∈ l 2 (N) it follows that |h n (α)| (λB) n x → 0 as n tends to infinity. The other cases for γ ≤ 0 follow in a similar manner.
To prove (iii), assume γ > 0. Choose > 0 such that |λ|e +γ < 1. Applying Oxtoby's ergodic theorem, there exists N ∈ N such that
for all n ≥ N and for all α ∈ A. Therefore for every α ∈ A and every x ∈ l 2 (N) it follows that |h n (α)| (λB) n x → 0 as n tends to infinity. Therefore P λ is not topologically transitive. The case γ ≤ 0 can be handled in a similar manner. The proof of the theorem is complete.
Remark 2.4. For the case |λ| = e −γ , consider the following example. Let A = S 1 = {z ∈ C : |z| = 1}, f : S 1 → S 1 defined by f (e 2πiθ ) = e 2πi(θ+α) for α ∈ R \ Q, and let h : S 1 → C be defined by h(e 2πiθ ) = e γ . Then f is uniquely ergodic, with Haar measure being the unique invariant probability measure, and h is continuous. However, P λ is not topologically transitive. On the other hand we have not managed to find an example where |λ| = e −γ and P λ is topologically transitive.
Question 2.5. Under the assumptions of the above theorem and the condition |λ| = e −γ , can P λ be topologically transitive?
, one can have P λ hypercyclic in the second coordinate even if |λ| = e −γ . To see this, let f : S 1 → S 1 be the irrational rotation f (e 2πiθ ) = e 2πi(θ+α) for α ∈ R \ Q and choose an arbitrary point e 2πiθ 0 on S 1 . Define h(e 2πiθ 0 +nα ) = ξ for n ∈ {0, 1, 2, · · · }, ξ ∈ C with |ξ| > 1/|λ| and h to be 1/|λ| everywhere else. Clearly, {h n (θ 0 )(λB) n } is a hypercyclic sequence of operators. gives a uniquely ergodic map which is not topologically transitive on S 1 , thus P λ cannot be topologically transitive for any h :
Remark 2.8. We would like to point out that the extra assumption of unique ergodicity in statement (iii) of our main result is equivalent to the minimality of f (every orbit is dense) provided f is a homeomorphism (see [18] for details). Therefore, if f is a uniquely ergodic homeomorphism, it is natural to ask whether the following stronger statement holds. For every α ∈ A there exists an x ∈ l 2 (N) such that the sequence {P
Example 2.9.
It is easy to check that |h| ≥ 7/4 for θ ∈ [0, 1/2] and |h| ≥ 3/4 for θ ∈ [1/2, 1], so that
and so P λ with any λ ∈ C with |λ| = 1 is topologically transitive. However, note that there is a whole interval over which |h| < 1, and so the multiples of the backward shifts over this interval are contractions. The important thing here is that maps are "expanding on average".
L 1 skew-product extensions and an application to iterated function systems
The following form of the hypercyclicity criterion will prove useful in what follows. There are many versions of this criterion due to several authors (see [8] , [5] , [4] , [14] and [9] ), and its final version is due to J. Bès.
Hypercyclicity Criterion. Let {T n } be a sequence of bounded continuous operators acting on a Frechet space X. Suppose there exist an increasing sequence {n k } of positive integers, dense subsets X 1 , X 2 of X and maps S n k :
In the above criterion if T n = T n , then we say that T satisfies the hypercyclicity criterion.
Our purpose in this section is to give a sufficient condition for hypercyclicity in the second coordinate under the weaker assumption that h is an L 1 function. As before, let (A, µ) be a probability space, f : A → A an ergodic map, and B : l 2 (N) → l 2 (N) the backward shift on the linear space of square summable sequences. Let h : A → C be an L 1 (µ) function.
Theorem 3.1. The skew-product
will be hypercyclic in the second coordinate for µ a.e. α ∈ A provided
Proof. An easy application of the Birkhoff ergodic theorem shows that for µ a.e. α ∈ A, there exists N (α) ∈ N such that
for all n ≥ N (α). Set X 1 = X 2 = {x ∈ l 2 (N) : x n = 0 from some n onwards} that are dense subsets of l 2 (N). Furthermore, setting
e. α ∈ A by the previous growth estimate of h n (α), (iii) T n • S n = I where I denotes the identity operator. Thus it follows from the hypercyclicity criterion that the skew-product P will be hypercyclic in the second coordinate for µ a.e. α ∈ A. The same ideas can be used to give an extension to the theorem of Rolewicz in the iterated function scheme. Suppose we have a finite set of backward shift operators {λ i B} n i=1 with λ i ∈ C for i = 1, · · · , n. Suppose also that each operator is chosen with probability p i > 0, i = 1, · · · , n, and n i=1 p i = 1. This forms an iterated function system (IFS). We are interested in composing the maps {λ i B} with each map λ i B chosen randomly with corresponding probability p i . We may describe this process using a skew-product as follows. Let Ω = where λ w 0 B denotes the backward shift operator corresponding to the digit in the 0 th place of the sequence w. Throughout we will also be writing (w) 0 for w 0 , the 0 th digit of the sequence w. We obtain the following result. Example 3.5. Suppose we toss a fair coin repeatedly (P (Heads)=P (Tails)=1/2). Each time a Head appears we apply the map (1/2)B, and each time a Tail appears we apply the map 3B. As p 1 log λ 1 + p 2 log λ 2 = (1/2) log(3/2) > 0, the sequence of operators resulting from such a process will be hypercyclic with probability 1.
